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1. INTRODUCTION 
This paper is concerned with the relationship between the prime spec- 
trum of an associative Noetherian ring R and the prime spectra of those 
Noetherian extension rings of R which are finitely generated as right 
R-modules. (Here a ring S is called an extension of R when there exists an 
injective ring homomorphism of R into S.) The issues discussed include 
“lying over,” the Jacobson property, the second layer condition, and the 
graph of links. Applications are given to the ideal theory of enveloping 
algebras of finite dimensional Lie superalgebras. 
1. We first consider the stability of the second layer condition of 
Jategaonkar. (See [13] and [18] for definitions and basic information.) 
Examples of Noetherian rings satisfying this condition include enveloping 
algebras of finite dimensional solvable Lie algebras, group algebras of 
polycyclic-by-finite groups, and Noetherian PI algebras. The second layer 
condition has served as a unified setting to study localization at prime 
ideals in noncommutative Noetherian rings, and the strong second layer 
condition (see [13]), which is also satisfied by the above examples, has 
served as a setting to study representation theory for Noetherian rings (see 
C71). 
We prove in 4.2 that if R is a Noetherian ring satisfying the second layer 
condition, and if S is a ring extension of R which is finitely generated on 
both the left and right as an R-module, then S must also satisfy the second 
layer condition. Moreover, we show that if R satisfies the strong second 
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layer condition then so must S. (The above conclusions and related results 
are known for certain specific ring extensions; see [2, 13f.) We will also see 
that a similar conclusion holds when R has finite GK-dimension and the 
extension is finitely generated on only one side; this will be discussed in the 
example given later. 
We also show, in 4.9, that an extension ring S of a right fully bounded 
right Noetherian ring R (see [9] or [18]) must also be right fully bounde 
if S is finitely generated on the right as an R-module. 
2. We next consider ring extensions R (5 S of Noetherian rings satis- 
fying the second layer condition, where S is a finitely generated right 
R-module. We produce generalizations of the basic theorems for integral 
extensions of commutative rings. Our first step is to show in 4.6i that if 
is an arbitrary prime ideal of R, then there exists a prime ideal P of S su 
that Q is minimal over P n R. (We say, adopting a standard convention, 
that P lies over Q.) As a corollary, the natural analogue of “going up” is 
deduced in 4.6ii. Further, in the situation above we may apply techniques 
from [23] to show that there exists a torsion free Noetherian SIP--R/ 
bimodule; see (2.7). 
So let R and S be defined as in the preceding paragraph. Let Q be a 
prime ideal of R, and choose a prime ideal P which lies over Q. We see in 
4.4 and 4.7, from results in [13, 171 concerning Noetherian bimodules, 
that (i) if P is right primitive then Q is right primitive, (ii) if S is finitely 
generated as a left R-module and Q is right primitive then P is right 
primitive, (iii) the classical Krull dimension of R/Q is equal to that of S/P, 
(iv) Q is semiprimitive if and only if P is semiprimitive, and (v) R is a 
Jacobson ring if and only if S is a Jacobson ring. (It is already known (see 
[ 111) that if R 4 S is, instead of the above, an extension of right 
Noetherian rings such that S is a finitely generated right R-madule, then S 
is a Jacobson ring if R is a Jacobson ring. Further, if in this case R and S 
are PI rings then it is shown in [ 111 that R is a Jacobson ring if S is a 
Jacobson ring.) 
It should be pointed out that lying over will not hold for all Noetherian 
rings, even when the extension ring is finitely generated on both sides over 
the base ring. In [ 121 an extension Uq S is presented with the following 
properties: S is a simple Noetherian ring, U is a Noetherian ring with a 
prime ideal of height one, and S is both a finitely generated right U-moduKe 
and a finitely generated left U-module. 
3. We continue our study by considering the stability under finite 
extensions of an additional structure on the prime spectrum of a noncom- 
mutative Noetherian ring: the graph of links between prime ideals. Recall 
that there exists a (right) link from the prime ideal Q, of the Noetherian 
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ring R to a prime ideal Q, of R provided there exists an R-R-bimodule 
factor of Qol n Qp/Q,Q, which is torsion free (on each side) as an R/Qa- 
R/QP-bimodule. Such an occurrence is denoted by Q=-+ Q,. More 
generally, there is an ideal link from Q, to Q, if there exists an arbitrary 
R-R-bimodule subfactor of R which defines a torsion free R/Qa-R/Qp- 
bimodule. (Note: In [13], ideal links are referred to as internal bonds.) One 
can therefore construct the graph of links for R from its prime spectrum. 
This concept is essential for the above mentioned localization theory for 
noncommutative Noetherian rings; see [13] or [18]. The graph of links 
also has important consequences for the representation theory of 
Noetherian rings satisfying the strong second layer condition. (See 
[6, 7, 131.) Also, a different role for links in the representation theory of 
semisimple Lie algebras is discussed in [4]. 
Our interest is in “lying over” theorems sensitive to links between prime 
ideals. We first prove, in 5.1, a general result of this type for minimal prime 
ideals: Let R 4 S be an extension of Noetherian rings and let Qa and Q, 
be a pair of minimal prime ideals of R such that there exists a right link 
from Qa to Q,. Then: 
(i) There exist prime ideals P, and P, of S, with an ideal link from 
P, to P,, such that P, lies over Q, and P, lies over Q,. 
(ii) There exist prime ideals P, and P, of S, where P, lies over Qa 
and P, lies over Qa, such that either 
(A) P, = P,, or 
(B) There exists a sequence of prime ideals P, = P,, . . . . P, = P,, 
with t>2, such that Pi--+Pi+1 for l<i<t-1. 
(iii) Suppose that S satisfies the second layer condition. If in (ii) the 
extension R G S satisfies the property that Pn R is semiprime for each 
prime ideal P of S (e.g., the extension is normalizing), then we may choose 
P, and P, such that (B) occurs. 
Retaining the above notation, in 5.3 we further prove: 
(iv) If R and S satisfy the second layer condition, and if S is a finitely 
generated right R-module, then (i), (ii), and (iii) remain true if we drop the 
assumption that Qa and Q, are minimal. 
The above statements generalize results in [S]. (A more specialized 
result of the above type will also be discussed in the example given below.) 
In Section 6 we provide examples which show, for the above results, that 
there need not be a direct link from P, to P,, that converse statements 
starting with linked prime ideals in S do not hold, and that there need not 
be a link-connected set of prime ideals of S “lying over” a link-connected 
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subset of spec R when this subset consists of three or more prime ideals 
of R. 
4. The last part of this paper examines the following example: Let 
g = g, @ g1 be a finite dimensional Lie superalgebra (&-graded Lie 
algebra) over a field k. (See [ 1 ] or [21] for details.) Let U be the universal 
enveloping algebra of g. There is a natural embedding into U of the 
enveloping algebra of the Lie algebra g,. This embedding defines U to be 
a finitely generated, free, left and right U(g,)-module. Further, if we allow 
U to act on itself by multiplication on either the right or the left, there arise 
embeddings of U into matrix algebras over U(g,), and these matrix 
algebras will be finitely generated on either the right or the left (but not 
necessarily on both sides) as U-modules (see 7.1). 
In view of the last remark above, we consider a more general situation: 
Let R be a Noetherian algebra of finite G&C-dimension over a held k, and 
let the Noetherian k-algebra S be an extension of R which is finitely 
generated on the right as an R-module. We show in 3.3 that if R satisfies 
the right second layer condition then so does S, that if R satisfies the right 
strong second layer condition the so does S, and that if there exists a finite 
uniform bound for the Goldie ranks of prime factors of R then the same 
statement holds true for S. (We point out here that the proof of the aseen- 
sion of the right second layer condition for these k-algebra extensions is 
very similar to the proof of the earlier analogous result for ring extensions 
finitely generated on both sides over the base ring.) We’obtain by [22] or 
[24] the following localization theoretic corollary: Assume, that k is 
uncountable, and let a be a finite dimensional solvable Lie algebra over k. 
Let A be a Noetherian k-algebra, and suppose that there exists a k-algebra 
homomorphism of U(a) into A which defines A to be a finitely generated 
right U(a)-madule. Then the right cliques of prime ideals of A are 
classically right localizable. 
It now follows rather ‘easily, returning to g and U, that U satisfies the 
second layer condition if and only if g is solvable, and it follows 
immediately from the above paragraph that if k is uncountable and g is 
solvable then the cliques of prime ideals of U are classically localizable, 
We also show in 7.3 ‘that “lying over for links” holds in this setting- 
without assuming that g is solvable. That is, if R = U(go),, and Q, + Q, is 
a link between prime ideals of R, then there exist prime’ideals P, and, P, 
of U, lying over ‘Q, and QP, respectively, such that one of the abave 
properties (A) or (B) holds. We then conclude our examination of this 
example by interpreting the above result for nonsplit extensions of 
irreducible (&-graded) finite dimensional simple gamodules. 
5. Our approach to all of the above results relies on an analysis of a 
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more special situation. We consider the setting where R 4 S is a ring exten- 
sion of right Noetherian rings such that (i) S is a (left and right) 
Noetherian prime ring and is a finitely generated right R-module, (ii) R is 
a right order in a right Artinian ring, and (iii) S is a torsion free right 
R-module. This setting is applicable for the following reason: Results from 
[3, 231 imply under suitable additional restrictions (e.g., the presence of 
finite GK-dimension) that condition (i) implies conditions (ii) and (iii); 
and it is often rather easy to reduce to the case where the extension ring 
is prime. (The issue of when condition (i) implies conditions (ii) and (iii) 
was considered first in [14]. It is not known whether or not this 
phenomenon holds without some additional hypothesis; see [18] or [23] 
for more information in this direction. Also, note that (i) will imply (ii) and 
(iii) if the extension is assumed to be normalizing; see [18].) 
6. The structure of this paper is as follows: In Section 2 the preliminary 
results on ring extensions where the extension ring is prime and the base 
ring is a right order in a right Artinian ring are presented. Section 3 
considers the case when GK-dimension is finite and the extension ring is 
linitely generated as a right module over the base ring. In Section 4 the case 
in which both the extension and base rings satisfy the second layer condi- 
tion is explored, and it is shown here that the (strong) second layer condi- 
tion ascends to an extension ring finitely generated on each side over the 
base ring. It is also shown here that an extension of a right FBN ring is 
also a right FBN ring if the extension ring is finitely generated as a right 
module over the base ring. In Section 5 the main results concerning links 
are presented, and in Section 6, as mentioned before, the examples and 
counterexamples concerning links are presented. Finally, in Section 7 we 
consider the example arising from a Lie superalgebra. 
7. Some definitions, conventions and notation: First, for a given ring 
extension R 4 S, when we refer to S as a right or left R-module we always 
mean the R-module structure induced from the embedding of R into S. 
Now let R be a right Noetherian ring, and let M be a right R-module. We 
denote the GK-dimension of M by GKdim M. We occasionally need to 
consider the reduced rank of M (see [9] or [ 18]), and we denote this by 
p(M). We denote the classical Krull dimension of a ring R by cl Kdim R, 
and we denote the Goldie rank of a prime right Noetherian ring R by 
rank(R). We denote the set of prime ideals of R by spec R. Finally, if I is 
an ideal of R, then %(I) refers to the set of elements of R which are regular 
modulo I. 
Unfortunately, the term “finite extension” has different meanings in 
different parts of the literature. Hence the term will not be used in the 
statements of results. Occasionally, however, the term will be used in infor- 
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ma1 descriptions. We will adopt the convention that if Rci S is a ring 
extension, then it is a finite extension if S is finitely generated as a left and 
right R-module, and it is a right finite extension if S is finitely generated on 
the right as an R-module. 
8. The material in this paper and in [ 173 comprises the author’s 
dissertation, which was completed at the University of Washington. I thank 
my advisor, R. B. Warfield, Jr., for his help and guidance, and T. II. 
Lenagan for his many helpful suggestions and his encouragement of this 
work. I am also grateful to K. R. Goodearl, T. J. Hodges, and L. W. Small 
for their helpful comments. Last, I express my gratitude for the referee’s 
thoughtful suggestions. 
2. PRIME TORSION FREE EXTENSIONS OF 
ORDERS IN ARTINIAN RINGS 
In this part we consider the special case of a prime Noetherian ring 
which is a torsion free and finitely generated right module over a right 
Noetherian subring which in turn possesses a right Artinian right quotient 
ring. In later sections we will often reduce to this setting. 
LEMMA 2.1. Let R 4 S be an extension of rings such that S is a finitely 
generated right R-module. Assume further that S is Noetherian and that R is 
right Noetherian. Suppose that S has an Artinian quotient ring. Let J be aR 
ideal of R such that SJ contains a regular element of S. Then there exists a 
nonzero ideal I of S such that I c SJ, 
Proof. Observe that s(S/SJ) is torsion since the regular elements of S 
form a left Ore set. Suppose that S/SJ=s, . R 4- ... -t Sk. R. Let 
Ii = ann ssi, for each i, and let I= 0% I Ii. Observe that I= ann s( S/S& 
so 1~ SJ. Moreover, since each Ii contains a regular element, each Ii is 
essential in S as a left S-module. Therefore Z is nonzero, and the lemma 
follows. 1 
We refer the reader to [13] for the definition of the right second layer 
condition for Noetherian rings. 
LEMMA 2.2. Let R 4 S be an extension of rings such that S is a finitely 
generated right R-module. Assume further that R and S are Noetherian. 
Suppose that S is prime, that R has an Artinian quotient ring, and that SR 
is torsion free. Further suppose that R satisfies the right second layer condition. 
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Let Q be a nonminimal prime ideal of R. Then there exists a nonzero prime 
ideal P of S such that P n R G Q. 
ProoJ We first find a nonzero ideal I of S such that In R c Q. To start, 
choose a submodule B, of SR maximal such that B n R = Q. Note that the 
extension (R/Q)R 4 (S/B), is essential. Since we are assuming that R 
satisfies the right second layer condition, by [13, 7.1.21 there exist, for 
some n, prime ideals Q,, . . . . Q, in the right clique of Q, such that 
(S/B) Q, -..Qn=O. 
Observe that since R has an Artinian quotient ring, the set of minimal 
prime ideals of R is closed under right links. Hence Q, . . . Q, is not contained 
in any minimal prime ideal of R, since Q is not minimal and each Qi is in the 
right clique of Q. Moreover, Q, . . . Q, must now contain a regular element 
of R, again since ,R has an Artinian quotient ring. Let K= Q, . . . Q,, and 
note that SK_c B. 
Since K contains a regular element of R, it contains a regular element of 
S by the assumption that S, is torsion free. Thus by 2.1, there exists a 
nonzero ideal I of S such that 1~ SK. Therefore, 1~ B, and In R c Q. 
To finish the proof, choose an ideal P of S maximal such that P 2 I and 
PAR _c Q. It is easy to see that P is a nonzero prime ideal of S, and the 
lemma now follows. 1 
The author is grateful to T. H. Lenagan and R. B. Warfield, Jr. for 
suggesting the following proof of the next lemma. 
LEMMA 2.3. Let R 4 S be an extension of right Noetherian rings such 
that S is a finitely generated right R-module. Suppose that S is prime. Let 
Q be a minimal prime ideal of R, and let I be a nonzero ideal of S. Then 
InR $Z Q. 
ProoJ: Since I contains a regular element of S, the R-module S, 
embeds in IR, and it follows that p(S/1),=0. (See [9].) Letting N be the 
prime radical of R, we see that (S/I), is g(N)-torsion. Hence (R/(In R))R 
is V(N)-torsion, and In R must contain an element of R that is regular 
modulo N. It follows that In R P: Q. 1 
An immediate consequence of the above lemma is that an analogue of 
the “incomparability” property for integral extensions of commutative rings 
holds true in this setting: 
COROLLARY 2.4. Let R 4 S be an extension of right Noetherian rings 
such that S is a finitely generated right R-module. Let Q be a prime ideal of 
R, and suppose that P, and P, are prime ideals of S which both lie over Q 
(i.e., Q is minimal over P, n R and P, n R). Then P, cannot be properly 
contained in P,, and P, cannot be properly contained in P,. 1 
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The next lemma demonstrates the influence of the second layer condition 
on an extension ring. (Again refer to [ 131 for basic detinitions and back- 
ground.) 
LEMMA 2.5. Let R 4 S be an extension of rings such that S is a finitely 
generated right R-module. Assume further that R and S are Noetherian. 
Suppose that S is prime, that R has an Artinian quotient ring, and that S, 
is torsion free. Let M be a finitely generated, uniform, faithful right 
S-module. Let P = ass M,, and let U = ann MP. 
(i) If R satisfies the right strong second layer condition then P = 0. 
(ii) If R satisfies the right second layer condition and U, is tame then 
P = 0. 
Proof. (ii) Suppose that R satisfies the right second layer condition, 
and suppose that U, is tame. Assume that P # 0; this assumption will lead 
to a contradiction. Consider the R-module extension U, 4 M,, Choose a 
submodule W, of MR maximal such that W n U = 0. Note that the embed- 
ding U, 4 (M/W), is essential. Since UR is assumed to be tame, it follows 
that (M/W), is also tame. Let Y = {Q E spec R 1 Q 2 P n R), and note that 
ass UR E Y. Let Y’ be the smallest subset of spee R that contains Y and is 
closed under right links. By C13, 7.1.21, (M/W) Q, .I. Q,,=O for some 
Q Ir . . . . Q, E Y’. Let J= Ql . . . Q,. Observe that MJc W. 
We next show that J contains a regular element of S. First recall that 
since R has an Artinian quotient ring, its minimal prime ideals are closed 
under right links. Hence if one of the Qi is a minimal prime ideal, so must 
be some member of Y. But, noting that each prime ideal Q E Y contains 
Pn R, we see by 2.3 that no member of Y may be minimal. It follows that 
J is not contained in any minimal prime ideal of R. Therefore, since R has 
a right Artinian right quotient ring, J must contain a regular element of R. 
And since SR is torsion free, J must contain a regular element of S. 
It now follows by 2.1 that there exists a nonzero ideal I of S such that 
Ir SJ. Recalling that M, is faithful we see that 
O#MIcMSJ=MJs W. 
Therefore, by the definition of W, we now see that MI n U = 0. However, 
this last statement contradicts the uniformity of M as an S-module, hence 
it follows that P=O. Part (ii) now follows. 
(i) This follows by an almost identical argument. l 
The next proposition shows how the Goldie ranks of factors of R can 
bound the Goldie ranks of factors of S. 
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PROPOSITION 2.6. Let R 4 S be an extension of Noetherian rings such 
that S=s,R+s,R+ ... + s, R. Suppose that S is prime and that R has an 
Artinian quotient ring. Ij” Q E ass RR, then rank(S) 6 t. rank(R/Q). 
ProoJ: Let Q be an element of ass RR. It follows that QN = 0 for some 
nonzero ideal N of R. Since R has an Artinian quotient ring, Q must be a 
minimal prime ideal. Note that SQ n R is an ideal of R consisting entirely 
of elements which are not right regular. Again since R has an Artinian 
quotient ring, SQ n R must lie inside a minimal prime ideal of R. Noting 
that SQ n R 2 Q, we see that SQ n R = Q, and (R/Q)R CF (S/SQ)R. 
So now choose a sub-bimodule sW, of S maximal such that Wz SQ 
and Wn R = Q. Observe that S/W must be torsion free as right 
R/Q-module. To see that S/W is torsion free and faithful as left S-module, 
let sV, be chosen such that W < Vc S, and let Z = ann s( V/W). Since 
ZVE W, we see that (Zn R)( V n R) E Q. And since Vn R g Q, we see that 
In R c Q. Hence by 2.3, it follows that Z equals zero because Q is minimal. 
In other words, every proper S-R-sub-bimodule of S/W is faithful as left 
S-module, and as a consequence JS/W) must be torsion free. Now denote 
swwI?,* by &ZR,&. By assumption, we may choose ml, . . . . m, such that 
M=ml(R/Q)+ ... +m,(R/Q). 
Let n = rank(R/Q). Let A be the classical quotient ring of S, and let E 
be the classical quotient ring of R/Q. So E = M,(D), for some division 
algebra D. Let N = MOR E. It follows immediately from [ 13, 5.2.21 that N 
is an A-E-bimodule, faithful on each side, with 
N,=(m,@l).E+ ... +(m,@l).E= & U, 
i=l 
for some r d nt, where U is the unique (up to isomorphism) simple right 
E-module. Observe that A embeds in End(N,). 
Thus by [23, Lemma 11, rank(S) = rank(A) < rank(M,(D)) d nt, and 
the proposition follows. 1 
The proof of the following lemma is a straightforward adaptation of [23, 
proof of Theorem 11, and demonstrates one way in which bonds naturally 
arise from finite extensions. 
LEMMA 2.7. Let R 4 S be an extension of rings such that S is a finitely 
generated right R-module. Assume further that S is Noetherian and that R is 
right Noetherian. Suppose also that S is prime. Then there exists a series 
0=&c . . . c S, = S of S-R-sub-bimodules of S and a series Ql, . . . . Q, of 
prime ideals of R such that S,/S,_, is a torsion free S-R/Q,-bimodule for 
each 14 i < n. Moreover, the set { Qi} contains the set of minimal prime 
ideals of R. 
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Proof. Let F be the full quotient ring of S, and let 0 = F0 c * . . c F, = F 
be an F-R-bimodule composition series for F. For each i, let 
Qi= ann(Fi/Fj-l)R. It is straightforward to check that each Qj is prime. 
Also, since F(Fi/Fipl)R is, for each i, a simple F-R-bimodule finitely 
generated on the left, it follows that (Fi/Fi- r) is torsion free as right R/Qi- 
module. Letting Si = Fin S, we obtain the desired series of sub-bimodules. 
Finally, since S, is faithful, the set (Qi} must contain the minimal prime 
ideals of R. 1 
3. RIGHT FINITE EXTENSIONS WITH FINITE GK-DIMENSION 
In this section we consider Noetherian algebras of finite GK-dimension 
which are finitely generated right modules over a Noetherian subalgebra. 
We first record in the following lemma two well known properties of 
GK-dimension (see [16, 5.3, 5.4, 3.161). Throughout this section assume 
that k is a field. 
LEMMA 3.1. (i) (Borho, Lenagan) Suppose that R and S are 
k-algebras, and that B is an R-S-bimodule which is finitely generated and 
faithful on each side. Then GKdim(R) = GKdim(S). 
(ii) Suppose that R is a right Noetheriun k-algebra of finite 
GK-dimension, and suppose that Q and Q’ are prime ideals of R such that 
Q < Q’. Then GKdim( R/Q’) < GKdim( R/Q). 
The next lemma is a special case of [3,2.2]. The proof we include will 
be useful in the next section. 
LEMMA 3.2. Let R 4 S be an extension of k-algebras such that S is a 
finitely generated right R-module. Assume further that R and S are 
Noetherian. Suppose that S is prime and that R has finite GK-dimension. 
Then R has an Artinian quotient ring, and S is torsion ,free as a right 
R-module. 
ProoJ Choose a series 0 = S, c . . . c S, = S of S-R-sub-bimodules of S 
and a set of prime ideals (Qi} of R, as given by 2.7. Recall that ( 
contains all of the minimal prime ideals of R. By 3.li, it follows that 
GKdim(S) = GKdim(R/Qi) for each i. Hence by 3.lii it follows that the set 
(Qj) is precisely the set of minimal prime ideals of R. Since eaeh 
CWL 11R is %(QJ-torsion free, each [Si/Si- I ] R is s(N)-torsion free, 
where N is the prime radical of R. It is now easy to check that SR itself is 
g(N)-torsion free. But this last assertion is simply another way of saying 
481/135/2-12 
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that all of the elements of gR(N) are left regular elements of S. Hence 
gR(N) consists of regular elements of S, since S is an order in a simple 
Artinian ring. This last assertion implies that wR(N) consists of regular 
elements of R. Hence gR(N) =%ZR(0), and the lemma now follows by 
Small’s Theorem (See [13, 7.4.131.) 1 
We next present some properties of right finite ring extensions when 
GK-dimension is finite. 
THEOREM 3.3. Let Rq S be an extension of Noetherian k-algebras. 
Assume that R has finite GK-dimension and that S is a finitely generated 
right R-module. 
(i) If R satisfies the right second layer condition then so does S. 
(ii) If R satisfies the right strong second layer condition then so 
does S. 
(iii) If there exists a finite uniform upper bound for the Goldie ranks 
of prime factors of R, then the same holds true for S. 
Proof (i) Suppose that R satisfies the right second layer condition, 
and that S does not. Then there exists a tame, uniform, finitely generated 
S-module M, whose annihilator is a prime ideal P, and whose assassinator 
P1 properly contains PO. Moreover, letting U= ann MPL, we may infer that 
u s,pI is torsion free. In other words, U,,,, is isomorphic to a nonzero right 
ideal of S/P,. Now note that, by 3.2, R/P, n R has an Artinian quotient 
ring and that S/P, is torsion free as a right R/(P, n R)-module. Therefore, 
u R,P,nR is also torsion free. Since UOR Fract(R/P, n R) is tame as a right 
Fract(R/P, n R)-module, it follows that U, is tame. This description of M 
contradicts 2Sii. Part (i) follows. 
(ii) This follows by 3.2 and 2.5 using an argument similar to the one 
for (i). 
(iii) This follows by 3.2 and 2.6. 1 
We close this section with an illustration of the localization theoretic 
consequences of the above result: 
COROLLARY 3.4. Assume that k is uncountable, and let a be a finite 
dimensional solvable Lie algebra over k. Let A be a Noetherian k-algebra, 
and suppose that there exists a k-algebra homomorphism of U(a) into A 
which defines A to be a finitely generated right U(a)-module. Then the right 
cliques of prime ideals of A are classically right localizable. 
Proof This follows from 3.3 and [24, Lemma 1, Theorem 21 if we note 
that U(a) will satisfy the right second layer condition and that the prime 
factors of U(a) will be domains. 1 
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4. FINITE EXTENSIONS OF RINGS SATISFYING 
THE SECOND LAYER CONDITION 
We first show that the (strong) second layer condition passes to an 
extension ring when the extension ring is finitely generated as a left and 
right module over the base ring. We then consider ring extensions which 
are finitely generated on only one side, but where both the base ring and 
the extension ring satisfy the second layer condition. 
The first lemma follows immediately from [23, Corollary 21: 
LEMMA 4.1. Let R G S be an extension of Noetherian rings such that S 
is finitely generated as a left and right R-module. Assume that A satisfies the 
second layer condition.. If S is prime then R has an Artinian quotient ring and 
S is torsion free as a left and right R-module. 
We may now apply Section 2: 
THEOREM 4.2. Let R 4 S be an extension of Noetherian rings such that S 
is finitely generated as a left and right R-module. If R satisfies the second 
layer condition then so does S. Moreover, if R satisfies the strong second 
layer condition then so does S. 
ProoJ: This follows from 2.5 and 4.1, by an argument almost identical 
to that for 3.3i, ii. m 
In light of the above, we now assemble some properties of right finite 
extensions whose base and extension rings both satisfy the second layer 
condition. 
We first record in the following lemma some needed facts from [ 13, 171 
concerning algebras connected by suitable bimodules. 
LEMMA 4.3. Let R and S be prime Noetherian rings, and let M be an 
S-R-bimodule which is finitely generated and faithful on each side. 
(i) [17, 1.21 If M is torsion free and S is right primitive then R is 
right primitive. 
(ii) [13, 5.2.151 If M is torsion free then S is semiprimitive z$ and 
only if R is semiprimitive. 
(iii) [13, 8.2.7, 8.2.81 If R and S satisfy the second layer condition 
then cl Kdim R = cl Kdim S. 
Recall now for a ring extension R 4 S that we define a prime ideal P of 
S to lie over a prime ideal Q of R provided Q is a minimal prime ideal over 
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P n R. Before proving for the above extensions that such a P always exists 
for each Q, we list in a corollary some connections between the two ideals. 
COROLLARY 4.4. Let R 4 S be an extension of Noetherian rings such that 
S is a finitely generated right R-module. Let Q be a prime ideal of R, and 
suppose that there exists a prime ideal P of S such that P lies over Q. 
(i) If P is right primitive then Q is right primitive. If S is finitely 
generated on the left as an R-module then P is right primitive tf Q is right 
primitive. 
(ii) The ideal P is semiprimitive tf and only if the ideal Q is semi- 
primitive. 
(iii) If R and S satisfy the second layer condition then the classical 
Krull dimension of S/P is equal to the classical Krull dimension of R/Q. 
Proof (i) This follows from 4.3i and 2.7. 
(ii) This follows from 4.3ii and 2.7. 
(iii) This follows from 4.3iii and 2.7. 1 
Remark. Part (iii) is a strong form of incomparability. Recall, as a 
corollary to 2.3, that incomparability itself holds for right finite extensions 
without the second layer condition being assumed. 
We next verify that lying over occurs when the second layer condition is 
present. We first reduce to the setting of Section 2. 
LEMMA 4.5. Let R 4 S be an extension of rings such that S is a finitely 
generated right R-module. Assume further that S is Noetherian and that R is 
right Noetherian. Suppose that R satisfies the right second layer condition 
and that S satisfies the second layer condition. If S is prime then R has a 
right Artinian right quotient ring and S is torsion free as a right R-module. 
Proof By 4.3iii, the proof of 3.2 may be used here if we replace 
GK-dimension with classical Krull dimension. 1 
THEOREM 4.6. Let R 4 S be an extension of rings such that S is finitely 
generated as a right R-module. Assume further that R and S are Noetherian. 
Suppose that R satisfies the right second layer condition and that S satisfies 
the second layer condition. 
(i) If Q is a prime ideal of R then there exists a prime ideal P of S 
which lies over Q. 
(ii) (“Going Up”) If Q, c Q2 is an inclusion of prime ideals of R, 
and P, is a prime ideal of S lying over Q,, then there exists a prime ideal 
P, of S such that P, contains P, and P, lies over Q2. 
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Pro@ (i) Let Q be a prime ideal of R, and let P be an ideal of S 
maximal such that P n R s Q. Then P is prime, and P lies over Q by 2.2 
and 4.5. 
(ii) This follows easily from (i). fl 
Remark. By 3.2, analogues of 4.6 above and 4.7 below hold when R is 
assumed to be an algebra of fmite GK-dimension satisfying the right (but 
not necessarily the left) second layer condition. Also, by 4.5, an analogue 
of 3.3iii holds without finiteness of GK-dimension when R and S are 
assumed to satisfy the (right and left) second layer condition. 
Recall now that a ring is called a Jacobson ring if every prime ideal in 
the ring is an intersection of right (or left) primitive ideals. 
COROLLARY 4.7. Let Rcr S be an extension of rings such that S is 
finitely generated as a right R-module. Assume further that R and S are 
Noetherian. Suppose that R satisfies the right second layer condition and that 
S satisfies the second layer condition. Then R is a Jacobson ring if and only 
if S is a Jacobson ring. 
ProoJ: For any prime ideal P of S we may choose a prime ideal Q of 
R such that P lies over Q. For any prime ideal Q of R, by 4.6, there exists 
a prime ideal P of S which lies over Q. The result now follows by 4.4. 
Remark. It is shown in [ 111 by Cortzen and Small that if R is right 
Noetherian and S is an extension of R which is finitely generated as a right 
R-module, then S is a Jacobson ring if R is a Jacobson ring. 
The following combines our work with PI theoretic results of Cauchon 
[S], Cortzen and Small [ll]. 
THEOREM 4.8. Let R 4 S be an extension of right Noetherian PI rings 
such that S is finitely generated as a right R-module. 
(i) If (2 is a prime ideal of R, then there exists a prime ideal of S lying 
over Q. 
(ii) [ 11, Theorem 21 The ring R is a Jacobson ring if and only if S 
is a Jacobson ring. 
ProojY (i) By Cauchon’s Theorem (see [S] or [20, 5.1.71) a prime 
right Noetherian PI ring is also left Noetherian. Choose I to be an ideal of 
S maximal such that In R E Q. As usual, I is prime. Hence we may reduce 
to the setting where S is prime and Noetherian. By Cl 1, Theorem 31, it 
follows that R is also Noetherian. Further, recall that a Noetherian PI ring 
satisfies the right second layer condition. Part (i) now follows by 4.6. 
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(ii) This follows from an argument similar to 4.7, again using 
[ZO, 51.71 and [ll, Theorem 31. 1 
We conclude this section by showing that right fully boundedness (see 
191) ascends a right finite extension. 
PROPOSITION 4.9. Let R 4 S be an extension of rings such that S is a 
finitely generated right R-module. If R is a right fully bounded right 
Noetherian ring then S is a right fully bounded right Noetherian ring. 
ProoJ Assume that S is prime and that R is a right FBN ring. To 
prove the proposition, it suffices to show that S is right bounded. So 
assume to the contrary that there exists an essential right ideal V, of S 
which contains no nonzero ideal of S. We will show that this assumption 
leads to a contradiction. Note that (S/V), must be faithful, and therefore 
(S/V), is faithful. However, V contains a right regular element of S, and 
so S, embeds in V,. It follows that p(S/V),=O (see [9]), and thus 
(S/V), is G?(N)-torsion, where N is the prime radical of R. Now denote S/V 
by M. 
Let O=M,cM,c ... c M,, = M be a right affiliated series for M, (see 
[ 13]), with Qi = ann(MJ, for each i. Since R is right fully bounded, each 
Mi is a torsion free right R/Q,-module. Therefore, since each M, is V(N)- 
torsion, no Q can be a minimal prime ideal. But it then follows that 
Ql..-Qn#O. Since MQl . . . Q, = 0, the preceding assertion contradicts the 
faithfulness of M,. The proposition follows. 1 
5. ‘LYING OVER' FOR LINKED PRIME IDEALS 
We now begin our discussion of the graph of links. Recall that for a 
Noetherian ring R there exists an ideal link from a prime ideal Q, of R to 
a prime ideal QP of R if there exists an R-R-bimodule subfactor M of R, 
whose left annihilator is Q, and whose right annihilator is Qp, such that 
M is a torsion free R/Q,-R/QP-bimodule. Ideal links are referred to as 
internal bonds in [13]. Note that if M is a factor of (Q, n Qp)/Q,Q,, then 
Q,-+ Q,. 
THEOREM 5.1. Let R 4 S be a ring extension of Noetherian rings. Let Q, 
and Q, be minimal prime ideals of R such that (2, -+ Q,. 
(i) There exist prime ideals P, and P, of S, with an ideal link from 
P, to P,, such that P, lies over (2, and P, lies over Q,. 
(ii) There exist prime ideals P, and P, of S, where P, lies over Q, 
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and P, lies over Qp, such that either (A) P, = P,, or (B) there exists a 
sequence of prime ideals P, = P,, . . . . P,=P,, with t>2, such that P,-+P,+, 
for lgi<t-1. 
(iii) Suppose that S satisfies the second layer condition. If in (ii) the 
extension R G S satisfies the property that P R A is semiprime for each prime 
ideal P of S, then we may choose P, and P, such that (B) occurs. 
Proof. (i) If Q, = Qp, the result follows by first choosing an ideal P of 
S to be maximal such that P n R E Q,, and by then letting P = P, = P,. 
(The prime ideal P lies over Q, since Q, is minimal.) 
So assume that Qor and Q8 are distinct. Let the link Qbl-+ Q8 be given 
by the bimodule (Qa n QB)/A. Choose an ideal J of S maximal such that 
Jn(QanQp)CA. Since 
(JnR) (y)=(y) (JnR)=o, 
we see that Jn R is contained in both Q, and Qa; in other words, J n R E 
(Q, A Q,). Therefore, Jn R E A. So without loss of generality, we may 
assume that 3 = 0. Hence if I is any nonzero ideal of S, we are assuming 
that In (Q, n Qg) 4 A. 
Let P E ass Ss. We show next that P lies over Qp. Let U= ann ,P. Then 
U is a nonzero ideal of S, so U n (Qa n Qp) S A. So we have 
oZWQanQ,)GQctnQ, 
UnA A ’ 
and 
( unFA’$QD)) (PnR)=O. 
Since ((2, n QB)/A is a fully faithful right R/Qp-module, it follows that 
P n R c_ QB. Since Q, is minimal, it follows that P lies over Qp. 
We see then that each member of ass S, lies over QB. Similarly, each 
element of ass ,S lies over Q,. It is straightforward to now find prime 
ideals P, E ass ,S and P, E ass S, such that there exists an ideal link from 
P, to P,. Part (i) now follows. 
(ii) As in the proof of part (i), we may assume that every element of 
ass S, lies over Q,. Now let X be the smallest subset of spec S which 
contains ass Ss and is closed under right links. By [13, 8.3.11, the 
Noetherian bimodule .$, is annihilated on the right by a .praduct of 
elements of X Consequently, X must contain the set of minimal prime 
ideals of S. Next, since Q, is minimal, and since some finite product of 
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minimal prime ideals of S will equal zero, it follows that some minimal 
prime ideal P, of S lies over Q,. Further, because P, is an element of X, 
P, is in the right clique of some prime ideal P, E ass S,. But P, lies over 
Q,, and (ii) follows. 
(iii) Let the link Q, -+ Qp be given by (Q, n Qj)/A. As above, we 
may assume for each nonzero ideal I of S that In (Qol n Q,) g A. Now let 
Y0 = ass S,. We saw above that each element of Y, lies over Q,. For 
j= 1, 2, . . . . let 
Yj={PEspecS:P -4 P’ for some P’E Yj-l), 
and let Y’ = Uj?= i Yj. Note that Y’ is equal to the set of those elements of 
spec S connected to Y0 by a nonempty sequence of right links. 
We next lind prime ideals P,, . . . . P, E Y’, and a semiprime ideal N of R 
with NEQ,, such that P,...P,N=O. Let J=n (PEY,,}. Then Jis semi- 
prime and Jn R E Q. By considering the fundamental series for Ss, as in 
[13, 9.1.21, we see that S(P, --.P,J)=O for some P,, . . . . P,E Y’. Now let 
N = Jn R. By assumption, N is a semiprime ideal of R, and P1 . . . P, N = 0 
as desired. 
Let P,, . . . . P, and N be as described in the above paragraph. Since 
em-+ Q,, and minimal primes cannot be linked (even to themselves) in a 
semiprime Noetherian ring, it follows that N # 0. Thus SNSn 
(Q, n Qp) $C A, and letting 
SNSn(Q,nQ,)= 
CSNS n (Qor n Q&l + A 
A 7 
we see that 
O+.(SNSn(Q,nQp))~ 
R 
Therefore, ann R(SNS n (Qa n Q,)) = Q,. But 
((PlnR)...(P,nR))(SNSn(Q,nQe,))=O. 
Therefore, for some i, it must be the case that Pin R c Q,. Hence Pi lies 
over Q,, and Pi is connected to Y,, by a nonempty sequence of right links 
since PjE Y’. Part (iii) follows. 1 
Remark. It is not hard to show that the conclusion of 5.li remains true 
if instead of a direct link there is an ideal link from Qa to QB. 
Before the next result is proved, some elementary preparatory remarks 
are required. 
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LEMMA 5.2. Let. QE and Qp be prime ideals of a Noetherian ring 
satisfying the second layer condition, and suppose that there exists a su 
factor of (Qa n Qp)/QWQg which is torsion free as an R/Q,-R/es-bimoduie. 
Then Qol-+ Q,. 
Proof. We may first reduce to the case where Q,Q,=O, so that 
{Q,, Qp} contains all of the minimal prime ideals of R. By 4.3iii, the classi- 
cal Krull codimension of Q, is equal to the classical Krull codimension of 
Qs, and hence (Qa,Qa> . P IS recisely the set of minimal prime ideals of R 
and is closed under right links. Now suppose that the subfactor B/A of 
Q, n Qfl is torsion free as an R/Q,-R/Qa-bimodule. Without loss of 
generality, we may reduce to the case where A = 0. Now let I be an ideal 
of R maximal such that In B = 0. We may further assume without loss of 
generality that I= 0, and therefore, since B is now an essential 
bimodule of R and Qa is minimal, Q, must be the right assassinator 
Therefore, by [13, 83.11, R is annihilated on the right by a finite product 
of prime ideals in the right clique of Qp. Noting that each such prime ideal 
must be minimal by 4.3iii, the lemma follows. I 
We are now in position to prove the second main result of this section 
THEOREM 5.3. Let R 4 S be an extension of Noetherian rings satisfying 
the second layer condition such that S is a finitely generated right R-module. 
Let Qa and Qp be prime ideals of R such that Q, -uv) Qs. 
(i) There exist prime ideals P, and P, of S, with P, lying over Q, and 
P, lying over Qp, such that either (A) P,= P,, or (B) there exists a 
sequence of prime ideals P, = P,, . ..) P, = P,, with t >, 2, such that Pi-+ Pi, I 
for l<i<t-1. 
(ii) If the extension R 4 S satisfies the property that P n R is semi- 
prime for each prime ideal P of S, then we may choose P, and P, in (i) SUCI?I 
that (B) occurs. 
Proof Let the link Q oL-+ QP be given by (Q, n Qs)/A. By Noetherian 
induction, we may assume for any nonzero ideal I of S with (In R) c 
(Q, n Q,) that Q,/(In R) is not linked to Q,/(ln R). Recall that by 5.1, 
the result follows if Q, and Q, are minimal prime ideals of R. Our method 
of proof is to show that under the present induction hypothesis, Q, and 
must in fact be minimal. 
So assume that Qol and QP are not both minimal prime ideals; we will 
show that this assumption leads to a contradiction. 
The first step now is to show that S is an order in an Artinian ring, By 
113, 8.3.7, 8.3.51 it suffices to show that S is irreducible. So let 1 and J be 
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ideals of S such that I # 0 and In J = 0. By the above induction hypothesis, 
In (Q, n QP) $C A. But then there is an embedding 
Note further that 
(JnR) (JnR)=O. 
So it is easy to see that (Jn R) G (Q, n QP), and by 5.2 it is easy to see 
that Q,/(Jn R)--, Q,/(Jn R) in R/(Jn R). Hence J=O, and it follows 
that S is irreducible. It now follows that S is an order in an Artinian ring. 
We next give a desciption of the minimal prime ideals of S. First, note 
that since S is irreducible, it is a right primary ring by [13, 8.3.71. Hence 
ass Ss consists of a single prime ideal P,. It now follows from [13, 8.3.5, 
8.3.31 that the set of minimal prime ideals of S is precisely the right clique 
of P,. 
To describe the minimal prime ideals of R, first observe that for each 
minimal prime ideal Q of R there will exist a minimal prime ideal P of S 
lying over Q. Therefore, by the above paragraph and 4.4iii, the minimal 
prime ideals of R all have the same classical Krull codimension. Hence the 
set of minimal prime ideals must be closed under links by 4.3iii. 
Recall that we have assumed that Q, and Q8 are not both minimal, and 
note now that this assumption implies that neither prime ideal is minimal. 
In particular, Q, is not a minimal prime ideal of R. 
So next choose B, to be a right R-submodule of S maximal such that 
B n (Q, n Q,) = A. By hypothesis, B can contain no nonzero ideal of S; to 
prove the theorem we find a contradiction to this assertion. 
Observe that (Q, n Qs)/A is essential as a right R-submodule of S/B, 
and by [ 13, 9.1.21 it follows that (S/B) Q, . . . Q, = 0 for some Qi, . . . . QU in 
the right clique of Q,. Let J= Q, . . . Q,. Note that J cannot be contained 
in any minimal prime ideal of R, since each Qj is in the right clique of QP, 
and since the minimal prime ideals of R are closed under right links. Also 
note that SJc B. 
We now show that SJ contains a regular element of S. Let {P,, . . . . P,} 
again be the set of minimal prime ideals of S. Fix i such that 1 < i < o. Since 
J is contained in no minimal prime ideal of R, the image of J in R/(P, n R) 
is contained in no minimal prime ideal of R/(P,n R). And since, by 4.5, 
R/(P, n R) has a right Artinian right quotient ring, it therefore follows 
that Jn9?(Pin R) ~0. Thus (SJ)nV(P,) #a by 4.5. Hence (SJ)n 
%( ny= 1 Pi) # 0, since the (finite) set of (mutually incomparable) minimal 
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prime ideals of S will satisfy the left intersection condition. Finally, since S 
is an order in an Artinian ring, and since fly= 1 P, is exactly the prime 
radical of S, we see that SJ contains a regular element of S by Small’s 
Theorem. (See [13, 7.4.131.) 
We can now apply 2.1 to obtain a nonzero ideal I of S such that IE SJ. 
Recalling that SJc B, we see now that IC B. But as mentioned before, this 
last statement contradicts our initial hypothesis, and the theorem 
follows. 1 
Remark. Part (i) of the above result is proved in [S] for tinite 
centralizing extensions of Noetherian rings satisfying the second layer 
condition. 
6. SOME EXAMPLES AND COUNTEREXAMPLE~ 
In this part we consider some examples which illustrate the results of 
Section 5. We see that 5.4 cannot in general be strengthened. 
To begin, let k be a field, and, for an indeterminate t, let A = k[t]/(?). 
Let 
B= 
Then 
We now construct the examples. 
1. There exists a centralizing extension R G S of finite dimensional 
algebras with the following properties: First, the prime spectrum of R 
consists of three prime ideals 1, J, K such that 1-* J-+ K. Second, there 
exist exactly two prime ideals I’ and K’ of S such that I’ lies over I and 
K’ lies over K. Third, I’ and K’ belang to different components of the 
graph of links for S. (In short, there is no “lying over” theorem for cliques.) 
We first define the base ring. Let 
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Then 
The graph of links of R is displayed in Fig. 1. 
We next define the extension ring. Let 
s= 
and note that 
There is an embedding R 4 S, defined by 
Observe that S is a finite centralizing extension of R, and that 
I’ n R = I, J;nR=J, J;nR=J, K’nR=K. 
Now compare the graphs of links of R and S in Fig. 2. We see that there 
is no link connected subset of specs “lying over” the clique (I, J, K} in 
spec R. 
2. Restriction of links. 
In [S] it is shown that if R 4 S is a finite centralizing extension of 
Noetherian rings satisfying the second layer condition, and P, and P, are 
prime ideals of S such that P, -+ P,, then either P, n R = P, n R or 
FIG. 1. The graph of links of R. 
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FIG. 2. The graphs of links of R and S. 
P, n R-+ P, n R. To see that an analogous result does not hold for 
normalizing extensions, one need only consider the embedding 
(: Eye i>. 
The next example will exhibit the same phenomenon: 
3. A normalizing extension S 4 T of finite dimensional algebras with a 
pair Q,, QP of linked prime ideals of S such that there exists no directly 
linked pair of prime ideals P,, P, of T with P, lying over QZ and P, lying 
over Q,. 
Let S be as in the first example. Now let 
/A tA 
Let S embed in T in the obvious way. We see that T= SC, + Sx,, where 
It is now easy to see that T is a finite normalizing extension of S. It is also 
easy to check that specT= (I”, J[, J;I, K” >, where 
I” n S = I’, 
J;‘nS=J;, 
J;nS=J;, 
K”nS=K’. 
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FIG. 3. The graphs of links of S and T. 
We now compare the graphs of links of S and Tin Fig. 3. We see that there 
is no directly linked pair of prime ideals “lying over” the linked pair of 
prime ideals {I’, J; }. 
A similar phenomenon may also occur when the linked pair of prime 
ideals is assumed to be a single prime ideal linked to itself. To see this, 
consider the embedding 
It is easy to check that the above extension is normalizing. The link 
graph of the base ring will consist of two components, with each one 
consisting of a single point linked to itself. The prime spectrum of the 
extension ring will consist of two elements, P, and P,, with neither one 
linked to itself, such that P, -u\* P,, and P, uv* P,. 
7. THE ENVELOPING ALGEBRA OF 
A FINITE DIMENSIONAL LIE SUPERALGEBRA 
In this section k is a field of characteristic zero and g = g, @ g, is a finite 
dimensional Lie superalgebra over k. (See [ 1 ] or [21] for required back- 
ground,) Unless otherwise noted, the term “module” will mean “right 
module,” and the term “graded module” will mean “&-graded module.” 
Denote by gr(g) the category of graded g-modules, and let U be the 
enveloping algebra of g. From the Poincart-Birkhoff-Witt theorem for Lie 
superalgebras, there arises a natural embedding of V(g,) into U which 
defines U to be a finitely generated free right and left U(g,)-module. We are 
thus able to employ the results of the previous sections to establish some 
ring theoretic properties for U. 
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We first consider the second layer condition and localization. We begin 
with an elementary lemma. 
LEMMA 7.1. Let R 4 S be a ring extension such that .Sr @r= 1 RR. Let 
S embed in M,(R) via right muEtiplication on &X Then M,(R), is a finitely 
generated free module. 
Proof It is straightforward to check that 
M,(R),% End($),= & Hom(.R, ,J) sz & S,. 
[ i= 1 1 i=l 
The lemma follows. 1 
Recall that U(g,) will satisfy the (strong) second layer condition if and 
only if g, is solvable. Also, g is solvable if and only if g, is solvable. (See 
Cl51.1 
THEOREM 7.2. (i) The following properties are equivalent: 
(A) U satisfies the second layer condition, 
(B) U satisfies the strong second layer condition, 
(C) g is solvable. 
(ii) If k is uncountable, and g is solvable, then every clique of prime 
ideals of U is classically localizable. 
Proof. (i) By 7.1 there are k-algebra extensions U(gO)q Ucr 
M,(U(gd), for SOme n, such that U is a finitely generated right 
U(g,)-module and M,( U(gO)) is a finitely generated right U-module. Hence 
by 3.3, U satisfies the right (or right strong) second layer condition if U(g:,) 
satisfies the right (or right strong) second layer condition, and M,(U(gO)) 
satisfies the right (or right strong) second layer condition if U satisfies the 
right (or right strong) second layer condition. Hence U satisfies the right 
(or right strong) second layer condition if and only if go is solvable, and 
(i) follows by the above remark. 
(ii) This follows from 3.4. 1 
Lenagan has observed (see [ 171) that for every prime ideal Q of U&J 
there exists a prime ideal P of U lying over Q. A lying over theorem for 
linked prime ideals also holds in this setting. In the following, we make use 
of the fact that GK-dimension is exact for U(g,)-modules. (See [ltj].) 
THEOREM 7.3. Let R be a Noetherian k-algebra such that GK-dimension 
is exact for R-modules, and let S be a Noetherian k-algebra extension of R 
which is finitely generated and free as a right R-module. If Q, and Q, are 
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prime ideals of R such that Qa -+ Qp, then there exist prime ideals P, and 
P, of S, with P, lying over Qa and P, lying over Q,, such that either (A) 
P, = P,, or (B) there exists a sequence of prime ideals P, = P1, . . . . . P, = P, 
of S, with t > 2, such that Pi -+ Pi, 1 for 1 < i < t - 1. In particular, the above 
conclusion holds tf R = LJ(g,) and S = Cr. 
Proof We first find a suitable factor of S into which Q, and Q, 
will map to minimal prime ideals of the image of R. So consider the 
S-R-bimodule S/SQaQ, and denote it by M. Since S is a free right 
R-module, annM, = Q,Q,. Let I= ann,M. Then In R E QaQ,. Since S is 
finitely generated as a right R-module, it now follows from 3.li that 
GKdim(R/(In A)) = GKdim(S/1) = GKdim(R/Q,Qp). Since GK-dimen- 
sion is exact for R-modules, if N is the intersection of those prime 
ideals of R containing In R, then the last equality implies by [16, 
5.71 that GKdim(R/N) = GKdim(R/(Z n R)) = GKdim(R/Q,Q,) = 
GKdim(R/(Q,n Q,)). So by [16, 3.31 and 3.li it follows that 
GKdim( R/N) = GKdim( R/Q,) = GKdim( R/et). Noting that N E Q, n Qp, 
we see therefore by [16, 3.151 that Q, and Qp are minimal prime ideals 
over N. Thus Q, and Q, are minimal prime ideals over In R. Moreover, 
since In R E Q,Q,, it follows that Q,/(Zn R)-* Q,/(In R). That one of 
(A) or (B) holds now follows from 5.lii. The rest of the above statement 
follows from the fact that GK-dimension is exact for modules over an 
enveloping algebra (see [ 161). 1 
We conclude this section with a corollary to 7.3 which concerns the finite 
dimensional graded representations of g. We first collect some basic infor- 
mation, most of which is either known or easily deduced from known 
results. In what follows, if S is a Z,-graded ring, then grS denotes the 
category of &-graded S-modules. (Refer to [19] for inform&ion on group- 
graded rings and modules. Results from [lo] will also be required.) We 
begin with an elementary lemma: 
LEMMA 7.4. Let S be a finite dimensional E,-graded associative 
.k-algebra. Suppose there exists a finite dimensional faithful graded S-module 
M which is irreducible in grS. - 
(i) Every finite dimensional graded S-module is completely reducible 
in grS. 
-(ii) Let the grading of M be defined by M= MO @ M1. Then every 
graded S-module which is irreducible in grS is either isomorphic in grS to M, 
or is isomorphic in grS to the module-M’ obtained from M bya trivial 
regrading (i.e., M’ isThe S-module M, but with MI = Mi, 1). 
Proof (i) Suppose there exists a faithful, finite dimensional, irreducible 
object of grS. By [ 10, 6.31, S is a semisimple (finite dimensional) k-algebra. - 
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Let 0 + IV-+ A4 -+ V --) 0 be an exact sequence in grS. As an exact sequence 
of S-modules, this sequence must split. It is easy% show (see [19, 1.2.11) 
that the sequence must split in ES, and the statement follows. 
(ii) This follows from a standard reworking of Wedderburn’s theorem 
(See [19, IS.S].) m 
We now consider the graph of links with respect to finite dimensional 
graded representations. To start, let S be a Noetherian, Z,-graded 
k-algebra. Let P be a prime ideal of S, and denote by g(P) the unique 
maximal graded ideal contained in P. It is easy to check that g(P) is a 
graded-prime ideal. By [lo, 6.31, P is a minimal prime ideal over g(P). 
It also follows from [lo, 6.31 that every graded prime ideal of S is the 
intersection of at most two prime ideals of S. Now let p, and pg be 
maximal graded ideals of S. We will say p, is linked to pB, or p, -+ pgr 
provided that p,pB <pm npg. (We will not consider possible generaiiza- 
tions of this notion here.) 
PROPOSITION 7.5. Let S be a Noetherian Z,-graded k-algebra. 
(i) If P, and P, are maximal ideals of S such that P,-+ P,, then 
gw -+ g(Pp). 
(ii) If p, and pp are co-finite-dimensional maximal graded ideals of S 
such that pa -vu) pg, then there exists a nonsplit extension in grS of irreducible 
graded modules, 0 + W + A4 + V --+ 0, such that an;W, = pp, and 
annI/;=p,. 
ProoJ: (i) Let P, and P, be maximal ideals of S such that P, -+ P,. 
If g(P,) is not linked to g(PB), then g(P,) g(Pp) = g(P,) n g(P,). But then 
g(P,) A g(PB) E P,P,. Since g(P,) n g(Pp) is semiprime (by [lo, 6.3]), the 
preceding statement implies that there may exist a link between minimal 
prime ideals in a semiprime ring. This last assertion is false, so (i) follows. 
(ii) Let pa -+ps b e a link between co-finite-dimensional maximal 
ideals of S. We may assume that p,pB = 0. Consider the following short 
exact sequence in gfS: 0 d pa -+ S -+ S/p, -+ 0. This sequence cannot spht 
in @S, since in that case it would follow that per ips = 0 = pbpB. Note 
that, by ‘7.4i, poL is a completely reducible (in grS) graded S/pp-module and 
S/p, is a completely reducible (in grS) graderS/p,-module. The statement 
follows. 1 
- 
Remark. By 7.4ii, the modules W and V of 7.8iii are completely deter- 
mined, up to a trivial regrading, by the ideals pa and pp. 
Define a graded-prime ideal p of U to lie ooer a prime ideal Q of U&J 
if Q is minimal over ,p n U(g,). Now let V and W be finite dimensional 
481/135/Z-13 
438 EDWARDS. LETZTER 
simple U(g,)-modules, and let Q, and Qp be the annihilators of V and W, 
respectively. Recall that there exists a link Q, --P Q, if and only if there 
exists a nonsplit extension of W by V. Note that 7.5ii provides an 
analogous correspondence for finite dimensional graded modules over U. 
The following corollary to 7.3 can now be interpreted to express an interac- 
tion between the nonsplit extensions of finite dimensional irreducible 
objects of gr(g) and the nonsplit extensions of finite dimensional irreducible 
g,-module; 
COROLLARY 7.6. Let R = U(g,,). If Q, and Qp are co-finite-dimensiona! 
maximal ideals of R such that Q, -vy) Qp, then there exist co-finite-dimen- 
sional maximal graded ideals p, and pg of U, with per lying over Q, and pp 
lying over Qp, such that either (A) par = pp, or (B) there exists a sequence 
of co-finite-dimen$onal maximal graded ideals pa = pl, . . . . pt = pa, with 
t>2,such thatpi-+pi,lfor l<i<t-1. 
Pro@I This follows easily from 7.3 and 7.4. 1 
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